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Abstract. The one-dimensional nonlinear equations for the inviscid blood flow
motion in distensible vessels are considered using the kinetic approach. It is shown
that the Lattice Boltzmann (LB) model for non-ideal gas is asymptotically equivalent
to the blood flow equations for compliant vessels at the limit of low Knudsen numbers.
The equations of state for non-ideal gas are transformed to the pressure-luminal area
response. This property allows to model arbitrary pressure-luminal area relations.
Two test case problems are considered: the propagation of a sole nonlinear wave in
an elastic vessel, the propagation of a pulse wave in a vessel with varying mechanical
properties (artery stiffening). The comparison with the previous results show a good
precision.
Keywords: Lattice Boltzmann methods, Kinetic theory of gases and liquids, Biological
fluid dynamics
1. Introduction
The models of blood motion in cardiovascular system vary from the 0D lumped models,
1D pulse propagation equations to 3D viscous flow equations [1]. In many cases the
3D approach based on the solution of the Navier-Stokes equations is too detailed while
0D lumped models are oversimplified and applicable only for the distal vasculature.
In the case of the 1D models it is assumed that the radial velocity is negligible [2].
Then, integrating the Navier-Stokes equations over the radial variable the 1D nonlinear
system of equations (depending only on one spatial variable, axial coordinate) for
luminal area change (or pressure) and axial blood velocity is derived [3, 2]. Several
numerical approaches for solving of these equations have been proposed including
Galerkin discretization [2, 4, 5], a relatively novel well-balance discretization method
[6, 7] and others [8, 9].
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The hydrodynamic equations can be modeled using the kinetic methods like the
Lattice Boltzmann approach [10, 11]. This method describes the motion of particles on
a Cartesian spatial lattice (advection part), the collision of the particles is modeled by
assuming that the velocity distribution of the particles tends to a local equilibrium state.
The Lattice Bolzmann (LB) method correctly reproduces low-Mach incompressible flows
like blood motion and can be used for the modeling of the flow in cardiovascular network.
The Lattice Boltzmann simulations of the blood flow dynamics in 2D and 3D
vessel geometry have gained some popularity recently. The boundary conditions for
LB models applied to blood flow problems in elastic tubes have been proposed in [12].
Several results are devoted to the estimation of blood endothelial (wall) shear stress
in complicated vessel networks using LB approach, or using LB models coupled with
Monte-Carlo simulations [13, 14, 15, 16, 17].
In the present paper an alternative way to model 1D blood motion equations based
on the Lattice Boltzmann method is proposed. It is shown that there exists an analogy
between the one-dimensional LB model D1Q3 with a virtual force (such approach is
popular in modeling of non-ideal gas and multiphase flows using LB approach) at the
limit of small Knudsen numbers (small times between collisions) and the blood flow
equations in elastic vessels. More precisely, the LB hydrodynamics for D1Q3 model is
equivalent to the 1D blood motion equations if one changes the sound velocity in the LB
model by the pulse propagation velocity and the density by the vessel luminal area. The
addition of the fictitious force allows to model arbitrary area-pressure vessel responses.
The presented method is simpler than the finite-difference methods for the nonlinear
1D blood equations.
Several test problems are considered. The method correctly describes the change in
shape of the initial pulse wave while propagating along a vessel, the analytical solution
profile is very close to the LB modeling results. The second test problem concerns the
propagation of pulse waves with various amplitudes and duration in a vessel with a
prosthesis [4].
2. Lattice Boltzmann approach for non-ideal gas and 1D blood flow
equations in elastic vessels
2.1. The mass and momentum conservation equations for inviscid 1D blood flow in
elastic vessels
Consider a long elastic vessel filled with incompressible fluid (blood). The conservation
equations of mass and momentum in the elastic vessel are obtained from the
NavierStokes equations by the integration over the cross-sectional spatial coordinate
(radial variable). Assume that the radial component of the blood velocity is close to
zero, and the velocity profile is flat. Then the following equations are obtained [2]
∂A
∂t
+
∂Au
∂x
= 0,
∂u
∂t
+
∂u2/2
∂x
= − 1
ρ0
∂p
∂x
, (1)
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where ρ0 is the constant blood density (incompressible fluid), A, u is the luminal area,
blood velocity respectively. Here x is the axial coordinate and p is the blood pressure.
The viscous forces are not included in Eqs (1).
It is obvious that one has three unknowns u,A, p and only the two governing
equations. To close the system (1) one needs to introduce a pressure-area relation
p = f(A), (2)
where f is a some function, its form should be defined from the elastic properties of
the considered vessel. For realistic vessels this dependence can be complicated and
saturation effects are observed [18]. In practice the Laplace law is popular [1, 2].
From the pressure-area relation one can find the pulse-wave velocity using the
formula
c2pulse(A) =
A
ρ0
∂p
∂A
. (3)
Using the pulse wave velocity definition Eqs (1)-(2) can be rewritten in the following
equivalent form
∂A
∂t
+
∂Au
∂x
= 0,
∂u
∂t
+
∂u2/2
∂x
= −c
2
pulse(A)
A
∂A
∂x
. (4)
2.2. The Lattice Boltzmann method and hydrodynamics
It will be sufficient to consider the simplest three-velocity model D1Q3 [10]. This model
describes three populations of particles traveling on a 1D lattice with equal spacing
∆x = c∆t between the lattice nodes. Here c is the lattice velocity, ∆t is the lattice time
step. During the discrete time step ∆t the particles at a node x can hop to adjacent
nodes x± c∆t or stay at the node x. The concentrations of the particles traveling with
the velocities ±c, 0 are given by f±1(t, x) and f0(t, x) respectively. The dynamics of
f±1, f0 obeys the following discrete equations in space and time
f−1(t+ ∆t, x− c∆t)− f−1(t, x) = ∆t
τ + ∆t
2
(f eq−1(t, x)− f−1(t, x)) +
τ∆t
τ + ∆t
2
F−1(t, x),
f0(t+ ∆t, x)− f0(t, x) = ∆t
τ + ∆t
2
(f eq0 (t, x)− f0(t, x)) +
τ∆t
τ + ∆t
2
F0(t, x),
f1(t+ ∆t, x+ c∆t)− f1(t, x) = ∆t
τ + ∆t
2
(f eq1 (t, x)− f1(t, x)) +
τ∆t
τ + ∆t
2
F1(t, x),
where τ is the relaxation time which can be considered as a free parameter, Fi are the
components of an external force and f eq±1, f
eq
0 are the equilibrium states (analogs of the
Maxwell distribution)
f eq−1(t, x) = w−1ρ(t, x)
(
1− 3u(t, x)
c
+ 3
u(t, x)2
c2
)
,
f eq0 (t, x) = w0ρ(t, x)
(
1− 3u(t, x)
2
2c2
)
,
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f eq1 (t, x) = w1ρ(t, x)
(
1 + 3
u(t, x)
c
+ 3
u(t, x)2
c2
)
,
where w±1 = 1/6, w0 = 4/6 are the lattice weights and ρ, u are the density and flow
velocity
ρ(t, x) = f−1(t, x) + f0(t, x) + f+1(t, x),
ρ(t, x)u(t, x) = (−f−1(t, x)c+ f+1(t, x)c) + ∆t
2
∑
i
Fi(t, x)ci,
moreover, one can define the full energy of the lattice gas in every node by the formula
ρ(t, x)(u(t, x)2 + c2s) = (f−1(t, x) + f+1(t, x))c
and here cs is the sound velocity of the lattice gas defined by
cs =
√
1
3
c.
Here the external force is taken in the linearized form [10]
Fi = wi(ci/c
2
s)a, i = ±1, 0,
where a is the force magnitude.
At the limit of small values of τ the lattice gas can be considered as continuous media
since the time between collisions tends to zero ( τ is proportional to the expected time
between particle collisions). In the continuous limit the considered LB model describes
some hydrodynamics which can be obtained using the Chapman-Enskog expansion on a
small parameter, the detailed analysis of this procedure for LB in 1D case can be found
in [19]. One has
∂ρ
∂t
+
∂ρu
∂x
= 0,
∂u
∂t
+
∂u2/2
∂x
= −c
2
s
ρ
∂ρ
∂x
+
2ν
ρ
∂
∂x
(
ρ
∂u
∂x
)
+
a
ρ
+O(u3)+O(∆t2), (5)
where O(u3) is the spurious term which appears due to the quadratic form of the local
equilibrium on the bulk velocity u, O(∆t2) is space-time discretization error ( LB scheme
has second order accuracy) and ν = c2sτ is the gas viscosity. If the flow is slow u << cs
(i.e the Mach number Ma = u/cs is small) and the time step is small then one can assert
that the LB model correctly describes 1D hydrodynamics. It should be mentioned that
the Navier-Stokes equations without spurious u3 term can be obtained if high-order
LB models are considered [20, 21]. In the present case the term proportional u3 is
unimportant since the blood flow is significantly subsonic.
2.3. The Lattice Boltzmann equation as a model of hemodynamics
One can see that the luminal area A in the equations (4) is very similar to the density ρ
in the equations (5). If one changes the density ρ by the luminal area A and the sound
velocity cs by the pulse wave velocity cpulse then Eqs (5) turn into Eqs (4) if the flow is
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slow, discretization error is negligible, the viscous terms are omitted. These conditions
are realistic due to a) for a typical blood flow the Mach number is over 0.1, u << cpulse
[2] b) the viscous terms can be neglected in large vessels since the typical Reynolds
number in aorta is close to 103 − 104 [22] c) the discretization error can be controlled
by the choice of ∆t.
One should emphasize that the force free case in the equations (5) describes
only the particular case of constant pulse velocity cpulse since the sound velocity cs
is constant, the blood flow equations are derived for the pressure-area relation in the
form p ∼ log(A) (this results from the definition of the pulse wave velocity (3)). The
logarithmic dependence is only qualitatively correct, a more popular Laplace law states
that p ∼ √A, moreover the dependence of the pressure on the luminal area in real
arteries is saturating [18], hence a generalization of the model is desirable.
The idea of the generalization of the presented approach is to choose the force term
in a such way that the case of the non-constant pulse velocity is captured. Such an
approach is similar to the method of modeling of non-ideal gases and phase transitions
using LB schemes [23, 24, 25, 26, 27, 28]. Following the articles [25, 26, 28] the force is
introduced using a pseudo-potential U
F = −wi(ci/c2s)
∂U
∂x
, U = h(ρ)− ρc2s, (6)
where h(ρ) is a some function. Using the expressions (6) the terms − c2s
ρ
∂ρ
∂x
+ a
ρ
become
−1
ρ
∂h
∂ρ
∂ρ
∂x
in the hydrodynamic equations (5), next changing ρ by A and selecting h(A)
in a such way that
∂h(A)
∂A
= c2pulse(A) =
A
ρ0
∂p(A)
∂A
where p(A) is the desired pressure-area law one obtains the equations (4).
Following [26] the pseudo-potential U can be written in the form U = −Φ2,
Φ =
√
Ac2s − h(A) and for the LB model the central discretization of the spatial
derivatives is adopted
∂U
∂x
= −2Φ∂Φ
∂x
≈ −2Φ(x)Φ(x+ ∆x)− Φ(x−∆x)
2∆x
, (7)
where ∆x = c∆t is the lattice spatial step. For the LB D1Q3 model with the force
discretization in the form (7) the stability conditions are known [26] (analog of the
Courant-Friedrichs-Lewy condition)
∂h(A)
∂A
≤ c2 + c2s =
4
3
c2. (8)
From the relation (8) one can see that stability can be controlled by adjusting the lattice
velocity c = ∆x/∆t.
3. The model application.
From the results of the previous paragraph one derives the following LB model
f−1(t+ ∆t, x− c∆t)− f−1(t, x) = ∆t
τ + ∆t
2
(f eq−1(t, x)− f−1(t, x))−
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Figure 1. The pulse wave snapshot p − p0 at t = 0.35 s. The presented profile at
t = 0.35 is skewed due to nonlinear effects, the viscous terms do not affect wave form.
The initial symmetrical triangle-shaped pulse wave has the physiological duration of
t0 = 0.3 s, the blood density ρ0 = 10
3kg/m3, the pulse wave velocity in the linearized
blood flow equations is defined as cpulse(A0) =
√
A
1/2
0 /ρ0D0 and equals 4m/s, the
unperturbed luminal area A0 equals 7 × 10−4m2. The constant a is taken such that
the initial maximal relative luminal area change is 1.2 i.e. at0 = 1.2A0. The relaxation
time τ satisfies the condition ν = c2sτ = 4× 10−6m2/s, where ν is the blood viscosity.
x=0.975 m 
Cp=4 m/s 
Cp=12.6 m/s 
Cp=4 m/s 
x=1.025 m 
1 m 
x=0 m 
0.05 m 
Figure 2. Modeled vessel geometry (vessel with a stent or prosthesis). The stented
region ( stiff domain) is placed between x = 1m and x = 1.05m. The pressure
waveforms are measured at x = 0m, x = 0.975m,x = 1.025m. The boundaries of the
stiff region are denoted by dashed lines. Cp denotes the value of the linearized pulse
velocity cpulse(A0).
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Figure 3. The pulse wave profiles p − p0 at x = 0m (initial sinusoidal wave, left
slide) and x = 0.975m (before stented region, right slide), x = 1.025m (in the middle
of the stented region, right slide). The initial sinusoidal pressure pulse wave has the
maximal amplitude of 2 kPa and the duration of 0.165 s.
x=0.0875 m 
Cp=4 m/s 
Cp=40 m/s 
Cp=4 m/s 
x=0.125 m 
0.1 m 
x=0 m 
0.05 m 
Figure 4. Modeled vessel geometry (vessel with a stent or prosthesis) for a short
pressure impulse. The stented region (stiff domain) is placed between x = 0.1m and
x = 0.15m. The pressure waveforms are measured at x = 0m, x = 0.0875m,x =
0.125m. The boundaries of the stiff region are denoted by dashed lines. Cp denotes
the value of the linearized pulse velocity cpulse(A0).
− τ
2c2
(
τ + ∆t
2
)Φ(x)(Φ(x+ c∆t)− Φ(x− c∆t)), (9)
f0(t+ ∆t, x)− f0(t, x) = ∆t
τ + ∆t
2
(f eq0 (t, x)− f0(t, x)) , (10)
f1(t+ ∆t, x+ c∆t)− f+1(t, x) = ∆t
τ + ∆t
2
(f eq1 (t, x)− f1(t, x)) +
+
τ
2c2
(
τ + ∆t
2
)Φ(x)(Φ(x+ c∆t)− Φ(x− c∆t)), (11)
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Figure 5. The pulse wave profiles p − p0 at x = 0m (short sinusoidal impulse, left
slide) and x = 0.0875 (before stented region, right slide), x = 1.0125m (in the middle
of the stented region, right slide). The initial pressure impulse has the amplitude of
0.055 kPa and the duration of 0.0025 s.
where Φ(x) =
√
Ac2s − h(A) and c2s = (c2/3), c = ∆x/∆t . The function h(A) is obtained
from the equation
∂h(A)
∂A
= c2pulse(A) =
A
ρ0
∂p(A)
∂A
,
here cpulse(A), p(A) are the target pressure pulse velocity and pressure-area relation.
The local equilibrium states f eq±1, f
eq
0 are defined as
f eq±1 =
A
6
(
1± 3u
c
+ 3
u2
c2
)
, f eq0 =
4A
6
(
1− 3 u
2
2c2
)
,
where
A(t, x) = (f−1 + f0 + f1)(t, x),
A(t, x)u(t, x) = (f1(t, x)− f−1(t, x))c+ c
6c2s
Φ(t, x)(Φ(t, x+ c∆t)− Φ(t, x− c∆t)).
The relaxation time τ should be taken small enough if inviscid flow is considered.
Note that wall friction forces are not taken in account but potentially they can be
implemented as an additional external force. The pulse pressure waves presented in
figures are recovered with use of the pressure-area relation p(A).
The following tube law will be applied
p = p0 +
1
nD0
(An − An0 ), (12)
where D0, p0, ρ0, n are the vessel distensibility, blood pressure at rest and blood density.
The value of p0 can be taken arbitrary since only p − p0 is computed. It will be
more convenient to use a linearized pressure pulse velocity cpulse(A0) instead of the
distensibility D0
cpulse(A0) =
√
An0/ρ0D0.
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3.1. A sole forward pulse wave propagation.
The evolution of the nonlinear wave which has triangle shaped form in the initial moment
of time is considered in a semi-infinite vessel x > 0 with constant elastic properties.
For a forward traveling wave one has the relation between the wave velocity u and
the luminal area A [29]
u =
∫ A
A0
dz√
ρ0D0/znz
, (13)
then the equations (1)-(2) reduce to a differential equation for A
∂A
∂t
+
1√
ρ0D0
((
1 +
2
n
)
An/2 − 2
n
A
n/2
0
)
∂A
∂x
= 0. (14)
The equation (14) is supplemented with the symmetric triangle-shaped initial-boundary
condition at x = 0 for t ∈ [0, T0], where T0 is one heartbeat
A(t, x)|x=0 = A0 + at, t ∈ [0, t0), (15)
A(t, x)|x=0 = A0 + a(2t0 − t), t ∈ [t0, 2t0], (16)
A(t, x)|x=0 = A0, t ∈ (2t0, T0] (17)
and
A(t, x)|t=0 = A0, x > 0. (18)
The case n = 1/2 is considered in (12) which corresponds to the Laplace law.
The analytical solutions to this problem are obtained in [29]. For the sake of brevity
this solution is not given here. The LB equations (9)-(11) are applied with the initial-
boundary conditions (15)-(18) and the modeling results are compared with the analytical
solutions at t = 0.35 s. The modeling constants are given in Fig. 1 caption. A very
good agreement between the solutions is observed ( Fig. 1).
3.2. A pulse wave propagation in a vessel with prosthesis.
A semi-infinite vessel with an interior stiff region (stent or prosthesis) is considered.
Similar test problem was investigated using Galerkin and Taylor-Galerkin finite
difference methods in the papers [30, 4].
The mass flow and full energy are continuous across the junctions of the stiff and
elastic regions [31, 2]. Then
ALuL = ARuR,
ρ0u
2
L
2
+ pL =
ρ0u
2
L
2
+ pR,
where L and R denote left and right side of the junction interface respectively and ρ0
is the blood density. Since the blood flow is slow then p >> ρ0u
2
2
and one can consider
the pressure continuity property pL = pR instead of the full energy. The Laplace area-
pressure relation is adopted (12) (N = 1/2 case) p = p0 +
2ρ0
D0
(
√
A−√A0), where A0 is
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undisturbed vessel area and D0 is the distensibility. Using the linearized pressure pulse
wave velocity cpulse(A0) =
√
A
1/2
0 /ρ0D0 the Laplace law reads
p = p0 + 2ρ0c
2
pulse(A0)
(√
A
A0
− 1
)
.
The continuity condition at the junction is considered for the pressure-area relation
linearized near A0, i.e. p = p0 + ρ0c
2
pulse(A0)
(
A
A0
− 1
)
. In terms of LB variables the
continuity of the mass flux and the linearized pressure take the following form
(f1 − f−1)(t, xn)cL = (f1 − f−1)(t, xn+1)cR + ∆a,
(f1 + f0 + f−1 − A0)(t, xn)c2pulse,L(A0) = (f1 + f0 + f−1 − A0)(t, xn)c2pulse,R(A0),
∆a ≡ (1/2)(aR − aL)∆t,
where the junction is placed between the lattice nodes xn, xn+1; cL =
∆xL
∆t
, cR =
∆xR
∆t
are the LB velocities on the left and right sides from the junction; ∆xL,∆xR are the
LB spatial steps and ∆t is the LB time step; aL, aR are the force magnitudes on
the left and right sides of the junction interface; c2pulse,L(A0) and c
2
pulse,R(A0) are the
linearized pulse wave velocities. For the present problem the lattice velocities are taken
as c2L = 3c
2
pulse,L(A0), c
2
R = 3c
2
pulse,R(A0). Such a calibration is convenient and guarantees
that the lattice sound velocity equals to the linearized pulse wave velocity.
The distribution functions f−1(t, xn), f1(t, xn+1) are unknowns, they are obtained
from the continuity conditions
f−1(t, xn) =
A0
6
+
+
1
k + k2
(−k2∆f0(t, xn) + (k − k2)∆f1(t, xn) + 2∆f−1(t, xn+1) + ∆f0(t, xn+1)−∆a),
f1(t, xn+1) =
A0
6
+
+
1
1 + k
(k2∆f0(t, xn) + 2k
2∆f1(t, xn) + (k − 1)∆f−1(t, xn+1)−∆f0(t, xn+1) + ∆a),
where
∆f±1 ≡ f±1 − A0
6
, k ≡ cL
cR
=
cpulse,L(A0)
cpulse,R(A0)
.
For the test problems considered here it is assumed that the undisturbed vessel
cross-sectional area A0 equals 10
−4m, the blood density ρ0 is 103 kg/m3.
The first vessel geometry is depicted in Fig. 2. The dynamics of a half-sinusoidal
pressure pulse wave with the maximal amplitude of 2 kPa and the duration of 0.165 s
starting at the point x = 0 is studied. These pressure pulse wave parameters are close
to physiological values.
The distensibility of the prosthesis is assumed to be 10 times smaller then in the
other part of the vessel, therefore the linearized pulse wave velocity is
√
10 is larger in
the stiffening than in the remaining part of the vessel ( 4m/s and 12.6m/s), Fig. 2.
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The simulation results show that the pressure maximal magnitude is amplified
(in the comparison with the wave at x = 0m) near the left junction with a subsequent
pressure drop below the undisturbed level (Fig. 3). This behavior is in a good agreement
with the results from [30, 4]. The pressure increase over the pressure values at x = 0m
happens due to the reflection of the wave entering the stiff region while the pressure
drop is observed due to the second reflection of the wave leaving the stiff region. It is
worth to mention that the wave shapes become non-symmetrical due to the influence of
the nonlinear effects.
The second considered vessel geometry is depicted in Fig. 4. A relatively short
vessel segment (Fig. 4) and a small pulse wave amplitude 0.055 kPa are taken. Such
a choice guarantees that the nonlinear effects do not distort initial wave shapes and
shock waves do not appear. The distensiblity of the stiff region is 100 smaller than the
elastic parts of the vessel, this means that the pulse wave velocity in the stiff region is 10
times larger than in the the elastic segments. The modeling results are presented in Fig.
5. Multiple reflections propagating from the junctions are clearly visible. The positive
amplitudes correspond to the reflections occurred at the left junction while the waves
with negative pressure amplitudes correspond to the reflections at the right junction.
Again, the wave form behavior is very similar to the results from [30, 4].
4. Conclusion
In the present paper the method for modeling of the 1D blood flow equations in elastic
vessels using kinetic LB approach is proposed. The inclusion of the virtual external
force in LB model allows to mimic arbitrary vessel luminal area response to the exerted
blood pressure. Several test problems are considered.
The one of interesting problems which was remained untouched is an extension
of the method to viscoelastic vessel response. Potentially the viscoelastic pressure-
area response can be inserted in the virtual force term. This term will contain an
approximation of the vessel area time derivative (Kelvin-Voigt model), therefore an
additional theoretical question about the stability of the scheme should be considered.
This question is leaved for the future study.
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